PACS 05.
The dynamics of wave packets has been well studied in literature both in case of free particle and harmonic oscillator in quantum mechanics. Among all the wave packets the Gaussian wave packet has always been the most popular due to its calculational simplicity and well understood nature. Here we want to discuss the propagation of an initial Gaussian wave packet in a Gross-Pitaevskii equation (GPE) when the potential is absent (making it a nonlinear Schrodinger equation (NLSE)) and when the potential is simple harmonic. The usual dynamics that has been discussed for the NLSE is the formation of solitons. For positive non-linearity (repulsive interparticle interaction) there appears dark solitons (density dip) and if the nonlinear term becomes negative the formation of bright soliton (density peak)has been observed [1] - [7] . We take a different course here and study the dynamics of an initial Gaussian wave packet, both for NLSE and GPE with a simple harmonic potential. We have two primary results: i) For the NLSE with a negative non-linear term, the Gaussian wave packet simply translates with an ever increasing width if the initial wave packet has a width which is smaller than a critical width. For widths greater than the critical width on the other hand, the wave packet becomes narrow and the Gaussian shape changes dramatically.
ii) In a GPE with a harmonic trap, an initial Gaussian wave packet will simply oscillate with a fixed width if a)the non linear term in ψ has a negative strength b)the dimensionless width δ satisfy δ 2 < 1 3 c)the strength of the nonlinear term is a given function of δ
We will arrive at the critical values of the parameters relevant for both i) and ii) analytically and then numerically establish the truth of the above assertions.
In one spatial dimension, GPE takes the following form
where, V (x) is an external potential. If V (x) = 0, then then the equation is generally known as the nonlinear Schrodinger equation (NLSE). To begin with, we consider the equation of motion for the expectation value of any operator (say O) with ψ governed by the Eq.(1) which can be written as follows
where,
will be called the Hamiltonian of the concerned system. The time evolution of the p-1 expectation values obey the equations given below:
We treat the case of free particle and simple harmonic oscillator separately.
Free particle. -For the free particle where V (x) = 0, we find p = p 0 (constant) and x = p0 m t + a, where p 0 and x 0 are the initial value of p and x respectively. We take an initial Gaussian wave packet
In the first term of Eq. (9), we have assumed the shape to remain in Gaussian. As is seen from the definition, ∆ is the width of the packet. Writing ∆ 2 = Y , this dynamics turns out to beŸ = − ∂V ∂Y where the potential V is given by 2|g| ). i.e., the initial width has to be greater than a critical value. The fact that ∆is driven to zero at a finite time indicates the wave packet will not remain Gaussian after a finite time interval. On the other hand if ∆ 0 < ∆ c , then the wave packet width will increase with time becoming a linear increase at later times. The dependence of ∆ c on |g| shows that for large g, even an initially narrow packet can show this unexpected behavior.
To make our theory dimensionless we fix our length and time scale by p0 and
respectively. Also we consider
such that γ turns out to be the dimensionless coupling constant of the theory. After considering the above scaling we rewrite Eq.(9) in the following dimensionless form (∆ is dimensionless)
and hence following the previous argument we find that for g < 0, the initial width∆ 0 satisfies∆ 0 > 1 2γ for the packet to spread in time. From now on we will consider ∆ → ∆. (= Yc) with γ < 0. The width of the wave packet spreads rapidly over time as is expected for free particle. The blue curve is plotted for γ = −0.5 and ∆0 = 0.5; violet is for γ = 1.0 and ∆0 = 0.4; and dark yellow is for γ = 2.0 and ∆0 = 0.2.
Simple Harmonic Oscillator. -We take the simple harmonic potential V (x) = 1 2 mω 2 x 2 and consider the initial Gaussian wave packet to remain a Gaussian of width ∆(t) and centered at x 0 (t) moving to the right with momentum p(t), such that ψ(x, t) = 1
Clearly for Gaussian wave packet [x − x 0 (t)] 2 = ∆ 2 (t), p = p(t) and x = x 0 (t). We set initial condition with x 0 (t = 0) = a, p(t = 0) = 0 and ∆(t = 0) = ∆ 0 so that the initial wave packet has the form like ψ(x, 0) = 
with constant D given by
Defining ∆ 2 = Y , the equation of motion now takes the following simple form
Dynamics of Y governed by Eq. (15) is equivalent to the motion in the effective potential given below
It is obvious from Eq. (14) that for g > 0, D can never take negative values. For both g > 0 and D > 0, the potential can have extrema satisfying the following constraint.
Eq. (17) dictates that the extrema can only exist if
The interesting situation appears when g < 0. The effective potential now takes the form
The potential has one minimum and it is located by Y min , where
We fix the initial width at ∆ 0 = δ mω where δ is a number of O(1). Since mω is the characteristic length scale of the oscillator, we use it to define the dimensionless shift α of the peak of the wave packet and dimensionless coupling constant β as a = mω α and
= β ω mω . Such that the D in Eq. (14) can be written as
By using above scalings, the effective potential takes the following dimensionless form
where V is in the scale of ω 2 ( mω ) 2 . Returning to the dynamics of Y (= ∆ 2 ), we note that for the initial wave function of Eq. (12) as we predicted analytically for existence of constant width wave packet, observed oscillatory time dependence of ∆(t) being negligibly small. From Fig.6 , the frequency turns out to be 0.4. Thus the slight perturbation from Y min will make system oscillate around it with the above frequency. The frequency obtained from linear stability is quite close to the actually observed one.
Numerical Study. -For free particle, considering the following transformations:
p0 ψ, NLSE takes the following dimensionless form.
i ∂ψ
To avoid notational complication, we will consider all the primed notations to be unprimed. In Fig.7 , we observe that for γ > 0 the initial wave packet keeps on spreading and try to localize over the space as we predicted analytically. Considering the GPE with harmonic trapping potential given in Eq.(1) and making the transformations (t ′ = ωt, x ′ = mω x and ψ ′ = ( mω ) 1/4 ψ) the leading dimensionless form comes out to be i ∂ψ and the parameter β has to choose properly to keep the width unchanged with time (shown in Fig.5 ). In Fig.6 we have chosen parameters outside this special range and we have seen the oscillation of the wave packet width with significant amplitude with frequency dictated by the initial width of the wave packet. For the free particle the nonlinearity (if non linear term is negative) has a more interesting impact. If the width of the wave packet is smaller than the critical value ( 2 m ( √ 2π 2|g| )) then it starts spreading and becomes completely delocalized in space whereas if this width is larger than that critical value then it starts collapsing and ceases to be a Gaussian and develops a secondary maxima. The dynamics of the wave packet has been shown in Fig.8 .
